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Abstract It is well known that in any ab initio molec-
ular orbital (MO) calculation, the major task involves
the computation of molecular integrals, among which
the computation of Coulomb integrals are the most
frequently encountered. As the molecular system gets
larger, computation of these integrals becomes one of
the most laborious and time consuming steps in
molecular systems calculation. Improvement of the com-
putational methods of molecular integrals would be
indispensable to a further development in computa-
tional studies of large molecular systems. The atomic
orbital basis functions chosen in the present work are
Slater type functions. These functions can be expressed
as finite linear combinations of B functions which are
suitable to apply the Fourier transform method. The
difficulties of the numerical evaluation of the analytic
expressions of the integrals of interest arise mainly from
the presence of highly oscillatory semi-infinite integrals.
In this work, we present a generalized algorithm based
on the nonlinear D transformation of Sidi, for a pre-
cise and fast numerical evaluation of molecular integrals
over Slater type functions and over B functions. Numer-
ical results obtained for the three-center two-electron
Coulomb and hybrid integrals over B functions and
over Slater type functions. Comparisons with numeri-
cal results obtained using alternatives approaches and
an existing code are listed.
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1 Introduction

In the numerical treatment of scientific problems, slowly
convergent or divergent sequences and series and
oscillatory integrals occur abundantly. Therefore, con-
vergence accelerators and nonlinear transformation
methods for accelerating the convergence of infinite
series and integrals have been invented and applied to
various situations. Those techniques have been applied
to molecular multicenter integrals over exponential type
functions [1] and over B functions [2–4].

It is well known that in any ab initio molecular orbital
(MO) calculation, the major task involves the compu-
tation of molecular integrals, among which the compu-
tation of two-electron Coulomb integrals are the most
frequently encountered. As the molecular system gets
larger, computation of these integrals becomes one of
the most laborious and time consuming steps in molec-
ular systems calculation. Improvement of the computa-
tional methods of molecular integrals would be
indispensable to a further development in computa-
tional studies of large molecular systems.

In ab initio calculations using the LCAO-MO approx-
imation, molecular orbitals are built from a linear combi-
nation of atomic orbitals. Thus, the choice of a
reliable basis functions is of prime importance in accu-
rate molecular integral calculations. A good atomic
orbital basis should decay exponentially for large dis-
tances [5] and should also satisfy Kato’s conditions for
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analytical solutions of the appropriate Schrödinger
equation [6].

Exponential type functions (ETFs) satisfy the afore-
mentioned mathematical requirements, this is why they
are better suited than gaussian type functions (GTFs) to
represent electron wave functions near the nucleus and
at long range. From this it follows implies that a smaller
number of ETFs than GTFs is needed for comparable
accuracy.

Previous work [7–11] on the accurate and fast numeri-
cal evaluation of molecular multicenter Coulomb
integrals over B functions [14–16] and over Slater type
functions (STFs) [12,13] using nonlinear transforma-
tions continues with the present contribution.

Among the integrals required to develop electronic
structure theory over STFs, hybrid and three-center two-
electron Coulomb integrals are the most difficult to eval-
uate rapidly and accurately. These integrals are given by:
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where χm
n,l

(
ζ , �r) is a Slater function, n, l and m are the

quantum numbers, A, C and D are arbitrary points of
the euclidian space, while O stands for the origin of the
fixed coordinate system.

Hybrid integrals, Hn2l2m2,n4l4m4
n1l1m1,n3l3m3

, correspond to the
case where B = A.

The above integrals can be expressed in terms of
integrals over the so-called B functions [14–16]. The
advantage of using B functions is the fact that their
Fourier transforms are exceptionally simple [17] and
this is why they are suitable to apply the Fourier trans-
form method [18,19]. Analytic expressions are obtained
for the integrals under consideration and they involve
two-dimensional integral representations. The semi-infi-
nite inner x integrals are highly oscillatory due to the
presence of hypergeometric series and spherical Bessel
functions. The accurate and rapid numerical evaluation
of the molecular integrals under consideration depend
strongly on how fast and accurate one can evaluate these
semi-infinite inner x integrals.

It is shown [7,8] that these hypergeometric series can
be reduced to a finite sum and that the obtained integ-
rands satisfy all the conditions to apply the nonlinear D
transformation of Sidi [20,21]. With the help of practical
properties of the sine and Bessel functions, a highly effi-

cient algorithm for the numerical evaluation of the semi-
infinite spherical Bessel integral functions occurring in
the analytic expressions of the molecular integrals over
B functions or over STFs is now developed.

The purpose of the present work is the development
of algorithms for accurate and rapid numerical evalua-
tion of the Coulomb and hybrid integrals. In these algo-
rithms, we used the nonlinear D transformation, which is
shown to be highly efficient for improving convergence
of the semi-infinite spherical Bessel integrals occurring
in the analytic expressions of the molecular integrals
under consideration [7–9]. Special cases are presented
and discussed.

Note that the algorithm described in the present work
has been applied to three-center nuclear attraction inte-
grals and to the notorious four-center two-electron
Coulomb and exchange integrals [22]. Extensive numer-
ical results for the molecular integrals mentioned above
with linear and nonlinear molecules, and comparisons
with results from the literature and results obtained us-
ing existing codes such as Alchemy package [23] and
ADGGSTNGINT, using STOnG code developed by
Rico et al. [24], can be found in [22].

Comparisons with alternatives using the epsilon algo-
rithm of Wynn [25] and Levin’s u transform [26] are
presented. Numerical results that we obtained for the
molecular integrals with different values of quantum
numbers are in a complete accordance with those
obtained using ADGGSTNGINT code developed by
Rico et al. [24].

2 General definitions and properties

The Slater type functions (STFs) are defined in normal-
ized form according to the following relationship [12,
13]:

χm
n,l(ζ , �r) =

√
(2ζ )2n+1

(2n)! rn−1 e−ζ r Ym
l (θ�r, ϕ�r), (2)

where n, l, m are the quantum numbers, Ym
l (θ , ϕ) stands

for the surface spherical harmonic [27].
STFs can be expressed as finite linear combinations

of B functions [16]:
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×
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(3)
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where

p̃ =

⎧⎪⎨
⎪⎩

n − l
2

if n − l is even
n − l + 1

2
if n − l is odd.

(4)

The B functions are defined as follows [15,16] :

Bm
n,l(ζ , �r) = (ζ r)l

2n+l(n + l)! k̂n− 1
2
(ζ r) Ym

l (θ�r, ϕ�r), (5)

where k̂n+ 1
2
(z) stands for the reduced Bessel function

[14,15] :

k̂n+ 1
2
(z) = zn e−z
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j=0

(n + j)!
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1
(2 z)j . (6)

This function satisfies the following recurrence rela-
tion [14]:
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The Fourier transform B
m
n,l(ζ , �p) of Bm

n,l(ζ , �r) is given
by [17]:
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The spherical Bessel function jλ(x) is related to the
Bessel function of the first kind J

λ+ 1
2
(x) by the following

relation:

jλ(x) = [π/(2 x)]
1
2 J

λ+ 1
2
(x), (9)

where the Bessel function of the first kind J
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2
(x) is

given by:
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The spherical Bessel function jl(x) and its first deriva-
tive j′l(x) satisfy the following recurrence relations [28]:
⎧⎪⎪⎨
⎪⎪⎩

x jl−1(x) + x jl+1(x) = (2l + 1) jl(x)

l jl−1(x) − (l + 1) jl+1(x) = (2l + 1) j′l(x)

x jl−1(x) − (l + 1) jl(x) = x j′l(x).

(11)

In the following, we write jn
l+ 1

2
with n = 1, 2, . . . for

the successive positive zeros of jl(x). j0
l+ 1

2
are assumed

to be 0.
The hypergeometric function is given by [28]:

2F1(α, β; γ ; x) =
+∞∑
r=0

(α)r (β)r xr

(γ )r r! , (12)

where (α)n represents the Pochhammer symbol [28].
The infinite series (12) converges only for |x| < 1,

and they converge quite slowly if |x| is slightly less
than one. The corresponding functions nevertheless are
defined in a much larger subset of the complex plane,
including the case |x| > 1. Convergence problems of
this kind can often be overcome by using nonlinear
sequence transformations [29].

Note that if α or β in the infinite series (12) is a neg-
ative integer, then (α)−α or (β)−β vanishes and con-
sequently the hypergeometric function (12) will be re-
duced to a finite sum.

By using Eq. (3), we can express Kn2l2m2,n4l4m4
n1l1m1,n3l3m3

and

Hn2l2m2,n4l4m4
n1l1m1,n3l3m3

as finite linear combinations of integrals
involving B functions. These integrals over B functions
are given by:
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where �r = �R − −→
OA, �r ′ = �R′ − −→

OC, �R3 = −→
AB and
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In the case of hybrid integrals, �R3 = −→
AB = −→

O .

It is shown that the term
〈
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∣∣∣e−i�x.�r
∣∣∣Bm2

n2,l2
(ζ2, �r)〉�r in the above equation, has an analytic expres-
sion involving a hypergeometric function which is given
by [7]:

2F1
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2
,
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2

+ 1;

l + 3
2

;
− x2

(ζ1 + ζ2)2

)
, (15)

where k and l are positive integers. We showed that
the above hypergeometric function reduces to a finite
expansion since one of the two first arguments of the
hypergeometric function is a negative integer [7,8].

The Fourier transform method allowed analytic
expression to be developed for the integrals over �r ′
occurring in Eq. (14) [18,19]:
〈
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(
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)〉∗
�r ′ .
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The above results led to an analytic expressions for
the three-center two-electron Coulomb and hybrid inte-
grals over B functions, which are given by [10]:
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where

k1 = max(1, k − n2), k2 = min(n1, k − 1), ζs = ζ1 + ζ2
nx = l3 − l′3 + l4 − l′4 + 2r + l, nk = k + l1 + l2
nγ = 2(n3 + l3 + n4 + l4) − (l′3 + l′4) − l′ + 1

η = l − k − l1 − l2 + 1, �l = l3 + l4 − l′

2

η′ = − η
2 if η is even, otherwise η′ = − η+1

2
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)
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3 + s(1 − s)x2
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m34 = (m3 − m′
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4)〈l1m1|l2m2|l3m3〉 stands for the Gaunt coefficients
[30].
v and R34 stand for the modulus of �v and

−→
R 34, respec-

tively.

The analytic expression of hybrid integrals over B
functions can be obtained by replacing R3 by 0 in the
above equation.

Note that with the help of Eq. (3), one can develop
analytic expressions for the molecular integrals under
consideration using the above analytic development.

Let us consider the two-dimensional integral repre-
sentations occurring in the above equation, which will
be refereed to as K, and which is given by [7,8]:

K =
1∫

s=0

sn3+l3+l4−l′4 (1 − s)n4+l4+l3−l′3 Yμ
λ (θ�v, ϕ�v)

×
⎡
⎣

+∞∫

0

xnx[
ζ 2

s + x2
]nk

k̂ν[Rγ (s, x)]
[γ (s, x)]nγ

jλ(v x) dx

⎤
⎦ ds.

(17)

3 The development of the algorithm

Let us consider the semi-infinite spherical Bessel inte-
gral, which will be referred to as K(s) and whose inte-
grand will be referred to as F(x), occurring in Eq. (17). It
is well known that numerical integration is very difficult
when the oscillatory part of the integrand is a spherical
Bessel function jλ(v x), in particular for large values of λ

and v since the zeros of the function become closer and
thus the oscillations become sharp.

First, we will separate the case where v is very close
to 0 (v → 0). In this case, the semi-infinite integral K(s)
vanishes if λ 
= 0 and when λ = 0, we replaced j0(v x)

by its Taylor development and we obtained:

K(s) ≈
+∞∫

0

xnx[
ζ 2

s + x2
]nk

k̂ν[Rγ (s, x)]
[γ (s, x)]nγ

×
(

1 − v2 x2

3! + v4 x4

5! − · · ·
)

dx. (18)

For the evaluation of the above semi-infinite integral,
we used Gauss–Laguerre quadrature of order 64.
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Fig. 1 The integrand F(x) of the semi-infinite integral K(s) (17).
s = 0.998, ν = 13/2, nγ = 5, nk = 2, nx = 4, λ = 4, R = 2.0,
ζs = 2.0 and ζ3 = ζ4 = 1.0. (v = 49.996)

The semi-infinite integral K(s) can be transformed
into an infinite series:

K(s)=
+∞∑
n=0

jn+1
λ,v∫

jnλ,v

xnx[
ζ 2

s +x2
]nk

k̂ν[Rγ (s, x)]
[γ (s, x)]nγ

jλ(vx) dx, (19)

where j0λ,v is assumed to be 0 and jnλ,v = jn
λ+ 1

2
/v,

n = 1, 2, . . . which are the successive positive zeros of
jλ(vx).

Let us consider the function γ (s, x). If s = 0 or 1 then
γ (s, x) becomes a constant:

γ (0, x) = ζ4 and γ (1, x) = ζ3.

From this it follows that when s = 0 or 1 the expo-
nentially decreasing part of the integrand k̂ν[Rγ (s, x)]
becomes also a constant and thus the strong oscillation
of the spherical Bessel function cannot be damped and
suppressed. Note also that when s = 0 or 1, the asymp-
totic behavior of the integrand cannot be represented
by a function of the form e−αx jλ(x). This is why, in these
regions, Gauss–Laguerre quadrature even to high order
gives inaccurate results and presents severe numerical
difficulties for these kinds of highly oscillatory integrals,
especially for large values of v and λ since the integrands
oscillations become very rapid because of the spherical
Bessel functions (see Fig. 1). It should be mentioned that
the regions where s is close to 0 or 1 carry a very small
weight due to factors si2(1−s)i1 in the integrand (17) [31].

The infinite series (19) is slowly convergent as it can
be seen from the numerical Tables (1). Note that for
large values of v and λ, one needs to sum more than

10, 000 terms to obtains values with 10–15 correct digits.
This slow convergence problem, prevented the use of
this infinite series for the evaluation of K(s). Note that
the use of the infinite series requires the computation
of the successive positive zeros of spherical Bessel func-
tions and this presents a severe computational difficulty
when the value of λ is large. The convergence of the infi-
nite series could be improved by the use of the epsilon
algorithm of Wynn [25] or Levin’s u transform [26]. It
has been proved that these two convergence accelera-
tors, are the best suited for the infinite series (19). Let Ik
be the kth term of the infinite series and Sk be the kth
partial sum of the infinite series. The approximation of
the infinite series using the epsilon algorithm of Wynn
is given by [32]:

ε
(n)

−1 = 0 and ε
(n)
0 = Sn, n = 0, 1, . . .

ε
(n)

k+1 = ε
(n+1)

k−1 + 1

ε
(n+1)

k − ε
(n)

k

, n = 0, 1, . . . .
(20)

The approximation of the infinite series using Levin’s
u transform, can be obtained by using the following
rules [26]:

uk (Sn) =
∑k

i=0 (−1)i
(k

i

)
(n + i + 1)k−1 Sn+i/In+i∑k

i=0 (−1)i
(k

i

)
(n + i + 1)k−1/In+i

,

n = 0, 1, . . . . (21)

The convergence of the infinite series was improved
using the above convergence accelerators (see Table 1).
Unfortunately, the calculation times are still prohibi-
tively long for a high pre-determined accuracy. Note
that, even for small molecules, millions of integrals are
required for the calculations. Rapidity is a primordial
criterion when a high accuracy needs to be reached.

In previous work [7], we presented an approach based
on the nonlinear D transformation of Sidi [20,21]. To ap-
ply this nonlinear transformation, the integrand should
satisfy a linear differential equation with coefficients
having asymptotic expansions in a sense of Poincaré
series [33]. It is shown that the integrand F(x) of K(s)
satisfies a fourth order linear differential equation of the
form required to apply D [7,34]. The symbolic program-
ming language Maple was used to obtain this differential
equation [34] and to demonstrate that all the condition
required by D are satisfied.

The approximation of the semi-infinite integral K(s)
using the nonlinear D transformation can be obtained
by solving the following set of linear equations [20]:
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Table 1 Evaluation of K(s) (17) obtained using the infinite
series (19), Levin’s u transform of order nu, the ε algorithm of
Wynn of order nε and the D transformation of order nD. nk = 2,

λ = nx, R = 48.0 and R4 = 2.0. v = 48.002 when s = 0.001 and
49.998 when s = 0.999. (Calculation times is in milliseconds)

s ν nγ nx ζs ζ3 ζ4 nmax K̃(s)nmax nu Erroru Tu nε Errorε Tε nD ErrorD TD

0.001 5/2 1 1 3 1.5 1.0 2,479 0.147893400 (−4) 8 0.56 (−12) 0.25 10 0.90 (−13) 0.29 6 0.59 (−12) 0.12
0.999 5/2 1 1 3 1.5 1.0 2,523 0.541130081 (−5) 7 0.72 (−12) 0.17 8 0.90 (−12) 0.21 4 0.97 (−12) 0.06
0.001 7/2 1 1 4 1.5 0.5 3,024 0.721505467 (−4) 8 0.89 (−12) 0.18 10 0.34 (−12) 0.28 7 0.36 (−12) 0.14
0.999 7/2 1 1 4 1.5 0.5 3,073 0.114992869 (−4) 7 0.93 (−12) 0.17 10 0.53 (−13) 0.26 4 0.79 (−12) 0.07
0.001 9/2 2 2 2 2.0 1.5 4,353 0.692093254 (−4) 13 0.22 (−03) 0.34 12 0.11 (−12) 0.34 9 0.34 (−12) 0.18
0.999 9/2 2 2 2 2.0 1.5 4,474 0.231205890 (−4) 13 0.73 (−04) 0.40 12 0.37 (−13) 0.39 9 0.17 (−12) 0.20
0.001 11/2 2 3 2 2.0 1.5 6,536 0.726654028 (−4) 13 0.13 (−02) 0.40 12 0.51 (−12) 0.40 11 0.90 (−12) 0.28
0.999 11/2 2 3 2 2.0 1.5 6,757 0.248684748 (−4) 13 0.47 (−03) 0.46 12 0.17 (−12) 0.43 9 0.82 (−12) 0.21
0.001 13/2 3 5 3 1.5 1.0 9,952 0.130005096 (−4) 13 0.48 (−02) 0.53 12 0.44 (−12) 0.46 11 0.33 (−12) 0.32
0.999 13/2 3 5 3 1.5 1.0 10,329 0.244210601 (−5) 13 0.90 (−03) 0.48 12 0.74 (−13) 0.42 10 0.33 (−12) 0.25
0.001 15/2 3 5 2 1.5 0.5 10,980 0.779406740 (−2) 13 0.26 ( 01) 0.46 14 0.15 (−09) 0.46 14 0.36 (−10) 0.40
0.999 15/2 3 5 2 1.5 0.5 11,392 0.170175743 (−3) 13 0.57 (−01) 0.46 14 0.66 (−11) 0.46 14 0.48 (−12) 0.40
0.001 17/2 3 7 4 1.5 0.5 15,669 0.454082090 (−3) 13 0.18 ( 01) 0.48 14 0.30 (−10) 0.48 14 0.11 (−11) 0.40
0.999 17/2 3 7 4 1.5 0.5 16,282 0.100760454 (−4) 13 0.38 (−01) 0.50 14 0.63 (−12) 0.48 12 0.64 (−12) 0.34
0.001 19/2 3 7 4 2.0 2.0 16,812 0.736936828 (−4) 13 0.32 ( 00) 0.54 14 0.53 (−11) 0.54 14 0.56 (−13) 0.46
0.999 19/2 3 7 4 2.0 2.0 17,488 0.655692512 (−4) 13 0.23 ( 00) 0.53 14 0.38 (−11) 0.54 13 0.91 (−12) 0.42

Numbers in parentheses represent powers of 10

D
(4)

n =
xl∫

0

F(t)dt +
3∑

k=1

F (k)(xl) x2
l

n−1∑
i=0

β̄k,i

xi
l

,

l = 0, 1, . . . , 3 n, (22)

where D
(4)

n and β̄k,i for k = 1, 2, 3 and i = 0, 1, . . . , n − 1
are the 3 n + 1 unknowns of the linear system. The
xl = jl+1

λ,v for l = 0, 1, . . ., which are the successive posi-
tive zeros of jλ(v x).

In [7], we demonstrated the superiority of the nonlin-
ear D transformation in the numerical evaluation of the
semi-infinite integrals under consideration compared to
the approaches using the epsilon algorithm of Wynn [25]
or Levin’s u transform [26]. In the present work, we
performed calculations for the integrals under consid-
eration over B functions and also over STFs and with
different values of quantum numbers to show that the
approach using nonlinear transformations is highly effi-
cient when evaluating molecular integrals for linear and
nonlinear systems.

As it can be seen from Eq. (22), the computation of
the successive derivatives of the integrands is necessary.
By using Leibnitz formulae, one can easily obtain for
1 ≤ k ≤ 3:

F (k)(x) =
k∑

i=0

(
k
i

)
nx

(nx − i − 1)! xnx−i

×
k−i∑
l=0

(
k−i

l

)
(2ν−nγ)!! sl (1−s)l

(2ν−nγ −2 l)!! γ (s, x)2ν−nγ −2 l

×
k−i−l∑
n=0

(
k − i − l

n

)(
d
dx

)n 1[
ζ 2

s + x2
]nk

×
k−i−l−n∑

m=0

(
k − i − l − n

m

)(
d

dx

)m

jλ(v x)

×
(

d
dx

)k−i−l−n−m
[

k̂ν[R γ (s, x)]
[γ (s, x)]2 ν

]
, (23)

where the double factorial is defined by:

(2k)!! = 2 × 4 × 6 × · · · × (2k) = 2k k!
(2k + 1)!! = 1 × 3 × 5 × · · · × (2k + 1) = (2k + 1)!

2k k!
0!! = 1.

The three successive derivatives of
1[

ζ 2
s + x2

]nk
with

respect to x can be easily computed. The successive
derivatives of the spherical Bessel function jλ(v x) can be
computed recursively using the relations given by (11).

The successive derivatives of the term
k̂ν[R γ (s, x)]
[γ (s, x)]2ν

can be easily computed by using the Leibnitz formulae
with the help of the following properties:

d
dx

= dγ

dx
d

dγ
= s(1 − s) x

d
γ dγ

and

(
d

γ dγ

)i k̂ν(γ )

γ 2ν
= (−1)i k̂ν+i(γ )

γ 2ν+i . (24)

It is clear that the calculations required by the linear
system (22) are difficult in particular for large values of



Theor Chem Acc (2007) 117:213–222 219

n. Note that as n becomes large, D
(4)

n converges to the
exact value of the semi-infinite integral.

In [8], we showed that F(x) satisfied a second or-
der differential equation. This second order differential

equation can be obtained by substituting jλ(vx) by
F(x)

g(x)
in the second-order linear differential equation satisfied
by jλ(vx), and which is given by [28]:

jλ(v x) =− 2x
(v x)2−λ2−λ

j′λ(v x)− x2

(v x)2−λ2−λ
j′′λ(v x)

= q2,1(x) j′λ(v x) + q2,2(x) j′′λ(v x), (25)

where the function g(x) is given by:

g(x) = F(x)

jλ(vx)
= xnx[

ζ 2
s + x2

]nk

k̂ν[Rγ (s, x)]
[γ (s, x)]nγ

. (26)

Note that this technique was first used by Sidi [20,21]
for functions of the form g(x) Jl+ 1

2
(x).

In this work, we used Maple to obtain explicitly this
second order differential equation. Let α and β be de-
fined by:

α = s ζ 2
3 + (1 − s) ζ 2

4 and β = s (1 − s). (27)

For simplicity and without loss of generality we assume

nx = 1, nk = 2, ν = 5
2

, ζs = 1 and α = v = 1. The second

order linear differential equation is given by :

F(x) = q1(x)

q0(x)
F ′(x) + q2(x)

q0(x)
F ′′(x), (28)

where

q0(x) = − 1
(
x2 + 1

)2 (
β + x2

) (√
β + x2 + β + x2

)2

×
[
−2 x12 +

(
λ − 9 nγ − 2

√
β + x2nγ

−26 + λ2 − nγ
2 − 10

√
β + x2 − 5 β

)
x10

+
(

2 λ

√
β + x2 − 21

√
β + x2β − 66 β + 3 β λ

−17 nγ − 18 β nγ − 36
√

β + x2 − 30

+2 λ2
√

β + x2 − 18
√

β + x2nγ

− β nγ
2 + 3 λ2 − 4 β2 − 2 β nγ

√
β + x2

+3 λ + 3 β λ2 − 3 nγ
2 − 2 nγ

2
√

β + x2
)

x8

+
(

−6 + 3 λ2 + 3 λ − 7 nγ − 14
√

β + x2nγ

+4 λ

√
β + x2 − 54 β2 − β3 − 2 β nγ

2

−9 β2nγ − 29 β nγ + 8 β λ + 8 β λ2

−4 nγ
2
√

β + x2 + 4 λ2
√

β + x2

−74
√

β + x2β − 65 β − 11 β2
√

β + x2

+3 β2λ3 β2λ2 + 4 β λ

√
β + x2

+4 β λ2
√

β + x2 − 22 β nγ

√
β + x2

−10
√

β + x2 − 3 nγ
2
)

x6

+
(

λ2 + λ + nγ + 2
√

β + x2nγ + 2 λ

√
β + x2

−40 β2 − 14 β3 − β nγ
2 − 10 β2nγ − 12 β nγ

+7 β λ + 7 β λ2 − 2 nγ
2
√

β + x2

+2 λ2
√

β + x2 − 21
√

β + x2β − 12 β

−38 β2
√

β + x2 + 2 β2λ2
√

β + x2 + β3λ2

+β3λ + 7 β2λ + 7 β2λ2 + 2 β2λ

√
β + x2

+8 β λ

√
β + x2 + 8 β λ2

√
β + x2

−22 β nγ

√
β + x2 − nγ

2
)

x4

+
(

4 β λ2
√

β + x2 + 4 β λ

√
β + x2 + 2 β3λ

−2 β nγ

√
β + x2 − 5 β3 + 2 β λ2 − 6 β2 − β nγ

+5 β2λ2 + 2 β3λ2 − β2nγ − 11 β2
√

β + x2

+4 β2λ2
√

β + x2 + 5 β2λ + 2 β λ

+4 β2λ

√
β + x2

)
x2 + β3λ2 + β2λ + β2λ2

+2 β2λ

√
β + x2 + 2 β2λ2

√
β + x2 + β3λ

]

(29)

q1(x) = −2x3

(
x2 + 1

) (√
β + x2 + β + x2

) (
β + x2

)

×
[(√

β + x2 + 4 + nγ

)
x4

+
(

8 β +
√

β + x2nγ + nγ + β nγ + 5
√

β + x2

+
√

β + x2β

)
x2 + 4 β2 + β nγ

+5
√

β + x2β +
√

β+x2nγ

]
(30)

q2(x) = −x2. (31)
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Once the differential equation is obtained explicitly,
it becomes easy to show that all conditions required
to apply D are satisfied. From this it follows that the
approximation of the semi-infinite integral K(s) can be

obtained using D
(2)

n , which can be computed by solving
a set of linear equations, which is given by:

D
(2)

n =
xl∫

0

F(t)dt + g(xl) j′λ(vx) x2
l

n−1∑
i=0

β̄1,i

xi
l

,

l = 0, 1, . . . , n, (32)

where D
(2)

n and β̄1,i for i = 0, 1, . . . , n − 1 are the

(n+1) unknowns of the linear system. The xl =
jl+1
λ+ 1

2
v for

l = 0, 1, . . . (the leading positive zeros of jλ(vx)).
As it can be seen from the above equation, the order

of the linear system is reduced to (n+1). The calculation
of the successive derivatives of the integrands is avoided,
only the first derivative of spherical Bessel functions is
required. Note that if xl is a zero of jλ(v x) then from
Eq. (11) and for λ 
= 0 it follows:

j′λ(v xl)=v jλ−1(v xl)− λ+1
xl

jλ(v xl)=v jλ−1(v xl), (33)

and when λ = 0, one can use the Cramer’s rule for
calculating the approximation D

(2)

n , since the zeros of

j0(x) = sin(x)

x
are equidistant. In this case, the expres-

sion of D
(2)

n is given by:

D
(2)

n =
∑n+1

i=0

(
n + 1

i

)
(1 + i)nF(xi)

/[
x2

i g(xi)
]

∑n+1

i=0

(
n + 1

i

)
(1 + i)n

/[
x2

i g(xi)
] , (34)

where xl = (l + 1) π

v
for l = 0, 1, . . . and where

F(x) =
∫ x

0
F(t) dt.

The convergence properties of the nonlinear D trans-
formations were analyzed [20,35] and they showed that

under certain conditions the approximations D
(m)

n (m
stands for the order of the differential equation that the
integrand satisfies) converge to the exact value of the
semi-infinite integrals without any constraint. It is dem-
onstrated [9,36], that the integrands of the semi-infi-
nite integrals which occur in the analytic expressions of
three-center two-electron Coulomb and hybrid integrals
over B functions satisfy all the conditions developed by
Sidi for the convergence of the D transformation. The

approximations D
(2)

n converge to the exact values of the
semi-infinite integrals K̃(s) without any constraint.

4 Numerical discussion

Values of the semi-infinite integral K(s) are computed
with 15 correct decimals using the infinite series (19).
Each term of the infinite series is computed using Gauss–
Legendre quadrature of order 92.

The finite integrals which occur in Eqs. (20), (21), (22),
(32) and (34) are transformed into finite sums as follows:

xn∫

0

f (x)dx =
n−1∑
l=0

xl+1∫

xl

f (x)dx, (35)

and each term of the above finite sum is evaluated using
Gauss–Legendre quadrature of order 20 in the case of
the D transformation and of order 48 in the case of
Levin’s u transform and the ε algorithm of Wynn. When
using Gauss–Legendre quadrature of order less than
48, the numerical results obtained using both Levin’s u
transform and the ε algorithm are inaccurate.

The linear systems (22) and (32) were solved using
the LU decomposition method.

For the evaluation of the outer s finite integral, which
occur in Eq. (17), Gauss–Legendre quadrature of order
48 was used.

For the Gaunt coefficients which occur in the analytic
expressions of the molecular integrals, we used the code
GAUNT.F developed by Weniger [30]. The spherical
harmonics Ym

l (θ , ϕ) are computed using the recurrence
relations presented in [30].

All the entries are in atomic unit. The calculation
times are in milliseconds. All the calculations were per-
formed on a PC Workstation with Intel Xeon Processor
with 2.4 GHz.

Table 1 contains values with 15 correct digits of the
semi-infinite integral K(s) (17) obtained using the infi-
nite series (19) (K̃(s)nmax ), which we sum until nmax. In
this table we also listed the accuracy and calculation
times obtained using Levin’s u transform of order nu,
the ε algorithm of Wynn of order nε and the D transfor-
mation of order nD.

Table 2 contains values of BKn2l2m2,n4l4m4
n1l1m1,n3l3m3

(14) with 15
correct digits obtained using the infinite series to evalu-
ate the semi-infinite integrals (Values). It also contains
the accuracy obtained using Levin’s u transform (21) of
order 8, the ε algorithm of Wynn (20) of order 8 and the
D transformation (32) of order 8.

Table 3 contains values of Kn2l2m2,n4l4m4
n1l1m1,n3l3m3

over STFs
with 15 correct digits obtained using the infinite series
to evaluate the semi-infinite integrals. It also contains
the accuracy obtained using Levin’s u transform (21) of
order 8, the ε algorithm of Wynn (20) of order 8 and the
D transformation (32) of order 8. STOnG are obtained
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Table 2 Evaluation of BKn2l2m2,n4l4m4
n1l1m1,n3l3m3

(14)

n1 l1 m1 n3 l3 m3 n4 l4 m4 Values Erroru Errorε ErrorD

1 0 0 1 0 0 1 0 0 0.1177149301 (−4) 0.12 (−12) 0.65 (−12) 0.25 (−12)
2 1 0 2 1 0 1 0 0 0.3381846260 (−5) 0.92 (−12) 0.73 (−11) 0.10 (−11)
2 1 −1 2 1 1 1 0 0 −0.4137845598 (−6) 0.12 (−11) 0.26 (−11) 0.13 (−11)
3 1 0 3 1 0 1 0 0 0.1083637846 (−3) 0.31 (−10) 0.26 (−08) 0.33 (−10)
4 1 0 4 1 0 1 0 0 0.5449603913 (−2) 0.16 (−08) 0.12 (−08) 0.15 (−08)
1 0 0 1 0 0 1 0 0 0.1177149301 (−4) 0.12 (−12) 0.65 (−12) 0.25 (−12)
1 0 0 2 1 0 2 1 0 0.4000009841 (−5) 0.47 (−13) 0.27 (−12) 0.77 (−13)
1 0 0 2 1 −1 2 1 −1 0.4431133378 (−5) 0.11 (−14) 0.17 (−13) 0.22 (−13)
1 0 0 3 1 0 3 1 0 0.2988141332 (−4) 0.28 (−12) 0.28 (−11) 0.41 (−12)
1 0 0 3 2 0 3 2 0 0.7383559276 (−6) 0.48 (−15) 0.69 (−13) 0.31 (−14)
1 0 0 3 2 1 3 2 1 0.7485973540 (−6) 0.55 (−14) 0.24 (−13) 0.55 (−16)
1 0 0 4 1 0 4 1 0 0.2598732211 (−3) 0.15 (−11) 0.53 (−11) 0.23 (−11)

Values are obtained with 15 correct digits obtained using the infinite series to evaluate the semi-infinite integrals. Levin’s u transform (21)
of order 8, the ε algorithm of Wynn (20) of order 8 and the D transformation (32) of order 8 were used to evaluate the semi-infinite
integrals. Results obtained with the following geometry (spherical coordinates): A = (0, 0◦, 0◦), B = (48, 180◦, 0◦) and C = (50, 180◦, 0◦).
n2 = 1, l2 = 0, m2 = 0, ζ1 = ζ2 = ζ3 = ζ4 = 0.5

Table 3 Evaluation of Kn2l2m2,n4l4m4
n1l1m1,n3l3m3

over STFs

n1 l1 m1 n3 l3 m3 n4 l4 m4 Values STOnG† Erroru Errorε ErrorD

1 0 0 1 0 0 1 0 0 0.1751952812(−1) 0.1751952811(−1) 0.20(−10) 0.54(−10) 0.79(−11)
2 1 0 2 1 0 1 0 0 0.2929548049(−3) 0.2929548048(−3) 0.56(−11) 0.18(−11) 0.54(−11)
2 1 −1 2 1 1 1 0 0 −0.3086333132(−4) −0.3086333132(−4) 0.13(−10) 0.12(−11) 0.48(−11)
3 1 0 3 1 0 1 0 0 0.2019440007(−3) 0.2019440006(−3) 0.34(−11) 0.11(−11) 0.39(−11)
4 1 0 4 1 0 1 0 0 0.1073990314(−3) 0.1073990313(−3) 0.12(−11) 0.16(−12) 0.17(−11)
1 0 0 1 0 0 1 0 0 0.1751952812(−1) 0.1751952811(−1) 0.20(−10) 0.54(−10) 0.79(−11)
1 0 0 2 1 0 2 1 0 0.1511587450(−1) 0.1511587450(−1) 0.22(−10) 0.32(−10) 0.17(−11)
1 0 0 2 1 −1 2 1 −1 0.1847266070(−1) 0.1847266069(−1) 0.19(−12) 0.32(−10) 0.14(−11)
1 0 0 3 1 0 3 1 0 0.1786642358(−1) 0.1786642357(−1) 0.19(−10) 0.11(−10) 0.18(−11)
1 0 0 3 2 0 3 2 0 0.1579665402(−1) 0.1579665373(−1) 0.19(−10) 0.11(−10) 0.30(−11)
1 0 0 3 2 1 3 2 1 0.1644641185(−1) 0.1644641155(−1) 0.48(−11) 0.22(−10) 0.21(−11)
1 0 0 4 1 0 4 1 0 0.1900808590(−1) 0.1900808589(−1) 0.84(−11) 0.74(−09) 0.56(−11)

Values are obtained with 15 correct digits obtained using the infinite series to evaluate the semi-infinite integrals. Levin’s u transform (21)
of order 8, the ε algorithm of Wynn (20) of order 8 and the D transformation (32) of order 8 were used to evaluate the semi-infinite
integrals. Results obtained with the following geometry (spherical coordinates): A = (0, 0◦, 0◦), B = (48, 180◦, 0◦) and C = (50, 180◦, 0◦).
n2 = 1, l2 = 0, m2 = 0, ζ1 = ζ2 = ζ3 = ζ4 = 0.5
Values obtained using the ADGGSTNGINT code developed by Rico et al. [24]

using the ADGGSTNGINT code developed by Rico
et al. [24]. From this numerical table, one can notice
that the algorithm described in this work leads to values
which are in a complete agreement with those obtained
using ADGGSTNGINT.

5 Conclusion

This work presents the nonlinear D transformation
approach for a highly efficient numerical evaluation
of three-center two electron Coulomb and hybrid inte-
grals over Slater type functions. These integrals appear
in molecular calculations and they are very difficult to
evaluate rapidly and accurately. STFs are used as a ba-
sis of atomic orbitals. These STFs can be expressed as a

finite linear combination of B functions in order to apply
the Fourier transform method, which allowed analytic
expressions to be developed for the molecular integrals
under consideration. The main difficulty in the numeri-
cal evaluation of the obtained analytic expressions arises
from the presence of semi-infinite highly oscillatory inte-
grals involving hypergeometric and Bessel functions.
The approach presented in this work relies on the non-
linear D transformation and on practical properties of
the Bessel functions and a finite series expansion of the
hypergeometric function appearing in the integrands.

It is shown that the integrand satisfies a fourth order
linear differential equation of the form required to apply
the nonlinear D transformation and that the order of the
equation satisfied by the integrands can be reduced to
two simplifying the linear system required to estimate
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the integrand. This led to a substantial gain in the calcu-
lation times keeping the same high accuracy. Obviously
this greatly increased rapidity of the D method with a
second order linear differential equation is a key issue.
In the molecular context, many millions of such inte-
grals are required, therefore rapidity is the primordial
criterion when the precision has been reached.

The numerical results obtained with the algorithms
described in the present work for three-center two elec-
tron Coulomb and hybrid integrals over B functions and
over STFs show that it does not seem impossible to
envisage that STFs or related functions may compete
with GTFs in accurate and rapid molecular calculations
in the near future.
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